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Abstract
By using the theory of complex diﬀerential equations, the purpose of this paper is to
investigate a conjecture of Brück concerning an entire function f and its diﬀerential
polynomial L(f ) = ak(z)f (k) + · · · + a0(z)f sharing a function α(z) and a constant β . We
also study the problem on entire function and its diﬀerence polynomials sharing a
function.
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1 Introduction andmain results
Let f be a nonconstant meromorphic function in the whole complex planeC. We shall use
the following standard notations of the value distribution theory:
T(r, f ), m(r, f ), N(r, f ), N(r, f ), . . .
(see Hayman [], Yang [] and Yi and Yang []).We denote by S(r, f ) any quantity satisfying
S(r, f ) = o(T(r, f )), as r → +∞, possibly outside of a set with ﬁnite measure. A meromor-
phic function a(z) is called a small function with respect to f if T(r,a) = S(r, f ). In addition,
we will use the notation σ (f ) to denote the order of meromorphic function f (z), and τ (f )
to denote the type of an entire function f (z) with  < σ (f ) = σ < +∞, which are deﬁned to
be (see [])
σ (f ) = lim sup
r→∞
logT(r, f )
log r , τ (f ) = lim supr→∞
logM(r, f )
rσ .
We use σ(f ) to denote the hyper-order of f (z), σ(f ) is deﬁned to be (see [])
σ(f ) = lim sup
r→∞
log logT(r, f )
log r .
In , Rubel and Yang [] proved the following result.
Theorem . [] Let f be a nonconstant entire function. If f and f ′ share two ﬁnite distinct
values CM, then f ≡ f ′.
In , Brück [] gave the following conjecture.
©2014Wang et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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Conjecture . [] Let f be a nonconstant entire function. Suppose that σ (f ) is not a pos-
itive integer or inﬁnite, if f and f ′ share one ﬁnite value a CM, then
f ′ – a
f – a = c
for some nonzero constant c.
In , Gundersen and Yang [] proved that Brück’s conjecture holds for entire func-
tions of ﬁnite order and obtained the following result.
Theorem . [, Theorem ] Let f be a nonconstant entire function of ﬁnite order. If f and
f ′ share one ﬁnite value a CM, then f ′–af –a = c for some nonzero constant c.
The shared value problems relative to a meromorphic function f and its derivative f (k)
have been a more widely studied subtopic of the uniqueness theory of entire and mero-
morphic functions in the ﬁeld of complex analysis (see [–]).
In , Chang and Zhu [] further investigated the problem related to Brück’s con-
jecture and proved that Theorem . remains valid if the value a is replaced by a function.
Theorem . [, Theorem ] Let f be an entire function of ﬁnite order and a(z) be a
function such that σ (a) < σ (f ) <∞. If f and f ′ share a(z)CM, then f ′–af –a = c for some nonzero
constant c.
Thus, there are natural questions to ask:
(i) What would happen when σ (a) < σ (f ) <∞ is replaced by  < σ (a) = σ (f ) <∞ in
Theorem .?
(ii) For Theorems .-., what would happen when f ′ is replaced by diﬀerential
polynomial
L(f ) = ak(z)f (k) + ak–(z)f (k–) + · · · + a(z)f ′ + a(z)f , ()
where ak(z) (≡ ), . . . ,a(z) are polynomials?
Themain purpose of this article is to study the above questions and obtain the following
theorems.
Theorem . Let f (z) and α(z) be two nonconstant entire functions and satisfy  < σ (α) =
σ (f ) <∞ and τ (f ) > τ (α), and L(f ) be stated as in () such that
σ (f ) >  +max
{
degz aj – degz ak
k – j , 
}
.
If f (z) and L(f (z)) share α(z) CM, then
L(f (z)) – α(z)
f (z) – α(z) = c
for some nonzero constant c.
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Theorem . Let f (z) be a nonconstant transcendental entire function with σ(f ) <∞, let
σ(f ) be not an integer, and let L(f ) be stated as in (). If f and L(f ) share a nonzero constant
a CM and δ(, f ) > , then
L(f (z)) – a
f (z) – a = c
for some nonzero constant c.
Recently, some papers have studied Brück’s conjecture related to diﬀerence of entire
function (including [, ]). In , Heittokangas et al. [] got the following result.
Theorem . [, Theorem ] Let f be a nonconstant meromorphic function of ﬁnite order
σ (f ) < , and let η be a nonzero complex number. If f (z+ η) and f (z) share a ﬁnite complex
value a CM, then f (z + η) – a = c(f (z) – a) for all z ∈ C, where c is some nonzero complex
number.
In this paper, we further investigate Brück’s conjecture related to entire function and its
diﬀerence polynomial and obtain the following result.
Theorem . Let f (z) be a nonconstant entire function of ﬁnite order  < σ (f ) < ∞, L(f )





= f (z + ηk) + f (z + ηk–) + · · · + f (z + η),
where ηk ,ηk–, . . . ,η are nonzero complex numbers. If L(f (z)) = cf (z) and ξ ( = ) is a Borel
exceptional value of f (z), then L(f ) = kf (z).
2 Some lemmas
To prove our theorems, we will require some lemmas as follows.
Lemma . [] Let f (z) be a transcendental entire function, ν(r, f ) be the central index
of f (z). Then there exists a set E ⊂ (, +∞) with ﬁnite logarithmic measure, we choose z









for j ∈N .
Lemma . [] Let f (z) be an entire function of ﬁnite order σ (f ) = σ < ∞, and let ν(r, f )




log r = σ .
Lemma. [] Let f be a transcendental entire function, and let E ⊂ [, +∞) be a set hav-
ing ﬁnite logarithmic measure. Then there exists {zn = rneiθn} such that |f (zn)| =M(rn, f ),
θn ∈ [, π ), limn→∞ θn = θ ∈ [, π ), rn /∈ E and if  < σ (f ) < ∞, then, for any given ε > 
and suﬃciently large rn,
rσ (f )–εn < ν(rn, f ) < rσ (f )+εn .
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Lemma . [] Let P(z) = bnzn + bn–zn– + · · · + b with bn =  be a polynomial. Then,
for every ε > , there exists r >  such that for all r = |z| > r the inequalities
( – ε)|bn|rn ≤
∣∣P(z)∣∣≤ ( + ε)|bn|rn
hold.
Lemma . Let f (z) and A(z) be two entire functions with  < σ (f ) = σ (A) = σ < ∞,  <
τ (A) < τ (f ) < ∞, then there exists a set E ⊂ [, +∞) that has inﬁnite logarithmic measure
such that for all r ∈ E and a positive number κ > , we have
M(r,A)











= τ (f ). ()
For any given β (τ (A) < β < τ (f )), there exists some positive integer m such that for all
m≥m and for any given ε ( < ε < τ (f ) – β), we have
logM(rm, f ) >
(
τ (f ) – ε
)
rσm. ()





τ (f ) – ε . ()
From ()-(), for allm≥m =max{m,m} and for any r ∈ [rm, ( + m )rm], we have
M(r, f )≥M(rm, f ) > exp
{(






τ (f ) – ε
)( m


























From the deﬁnition of type of entire function, for any suﬃciently small ε > , we have
M(r,A) < exp
{(





By () and (), set κ = β – τ (A) – ε, for all r ∈ E, we have
M(r,A)









Thus, this completes the proof of this lemma. 
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Lemma . [, Theorem .] Let f (z) be a meromorphic function of ﬁnite order σ , and
let η be a ﬁxed nonzero complex number, then, for each ε > , we have
m
(











Lemma . [, Corollary .] Let f (z) be a meromorphic function with order σ = σ (f ),
σ < +∞, and let η be a ﬁxed nonzero complex number, then, for each ε > , we have
T
(
r, f (z + η)
)





Lemma . [, ] Let g : (, +∞)→ R, h : (, +∞)→ R be monotone increasing functions
such that g(r) ≤ h(r) outside of an exceptional set E with ﬁnite linear measure, or g(r) ≤
h(r), r /∈ H ∪ (, ], where H ⊂ (,∞) is a set of ﬁnite logarithmic measure. Then, for any
α > , there exists r such that g(r)≤ h(αr) for all r ≥ r.
3 The proof of Theorem 1.4
Since f (z) is an entire function, and f (z) and L(f (z)) share α(z) CM, then there is an entire
function γ (z) such that
L(f (z)) – α(z)
f (z) – α(z) = e
γ (z). ()
Next, we will claim that γ (z) is a constant.
Suppose that γ (z) is transcendental. It follows that σ (eγ (z)) = ∞. However, since  <
σ (f ) = σ (α) < ∞, it follows from the left-hand side of () that σ ( L(f (z))–α(z)f (z)–α(z) ) < ∞, a contra-
diction. Thus, γ (z) is not transcendental.
Suppose that γ (z) is a nonconstant polynomial, let
γ (z) = bmzm + bm–zm– + · · · + b,












 – α(z)f (z)
∣∣∣∣. ()
Since L(f ) = akf k + ak–f (k–) + · · · + af , from Lemma ., then there exists a subset E ⊂
(, +∞) with ﬁnite logarithmic measure such that for some point z = reiθ (θ ∈ [, π )),









, ≤ j≤ k.
Thus, it follows that
L(f (z))





























Wang et al. Advances in Diﬀerence Equations 2014, 2014:274 Page 6 of 10
http://www.advancesindifferenceequations.com/content/2014/1/274
From Lemma ., there exists {zn = rneiθn} such that |f (zn)| = M(rn, f ), θn ∈ [, π ),
limn→∞ θn = θ ∈ [, π ), rn /∈ E, then, for any given ε satisfying
 < ε < min
≤j≤k
jσ (f ) – j – dk–j
k – j ,
where dk–j = degz ak–j – degz ak , and suﬃciently large rn, we have
rσ (f )–εn < ν(rn, f ) < rσ (f )+εn . ()
Since aj(z), j = , , . . . ,k, are polynomials, let aj(z) =
∑sj
t= ljtzt , where sj = degz aj, j =
, , . . . ,k. Then, from Lemma . and (), we have












≤M |lk–j,sk–j ||lk,sk |
rkσ (f )–jσ (f )+dk–j+j+(k–j)εn , ()
where dk–j = sk–j–sk andM is a positive constant. Since –jσ (f )+dk–j+ j+(k– j)ε < –kε < ,
it follows from () that
∣∣∣∣ak–jak zjν(r, f )k–j
(
 + o()
)∣∣∣∣ <M |lk–j,sk–j ||lk,sk | rk(σ (f )–ε)n , rn /∈ E. ()
Since  < σ (α) = σ (f ) < ∞ and τ (α) < τ (f ) < ∞, from Lemma ., there exists a set E ⊂
[, +∞) that has inﬁnite logarithmic measure such that for a sequence {rn}∞ ∈ E = E–E,
we have
M(r,α)
M(r, f ) < exp
{
–κrσ (f )n
}→  as n→ ∞. ()






∣∣γ (z)∣∣ =O(log rn), ()
which is impossible. Thus, γ (z) is not a polynomial.
Therefore, γ (z) is a constant, that is, there exists some nonzero constant c such that
L(f (z)) – α(z)
f (z) – α(z) = c.
Thus, this completes the proof of Theorem ..
4 The proof of Theorem 1.5
Since L(f ) and f share the constant a CM, then there exists an entire function ϕ(z) such
that
L(f ) – a
f – a = e
ϕ . ()
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We will consider two cases as follows.
Case . If a = , it follows from () that
L(f (z))
f (z) = e
ϕ(z). ()
Since L(f (z)) = ak(z)f (k)(z) + · · ·+a(z)f ′(z) +a(z) and aj(z), j = , , . . . ,k, are polynomials,



























log rT(r, f )
)
,





)≤ K log(rT(r, f )) for r /∈ E.




)≤ K log(ζ rT(ζ r, f )) for any ζ > . ()
Thus, we can deduce from () that σ (eϕ)≤ σ(f ) <∞, that is, ϕ(z) is a polynomial.
By using the same argument as in [, Theorem .], we can get that σ(f ) = degz ϕ, which
is a contradiction to σ(f ) is not a positive integer. Thus, ϕ(z) is only a constant, it follows
from () that L(f (z)) = cf (z), where c is a nonzero constant.
Case . If a = , from the derivation of () and eliminating eϕ , we can get
ϕ′(z) = L
′(f (z))
L(f (z)) – a –
f ′(z)
f (z) – a . ()
If ϕ′(z)≡ , that is, ϕ(z)≡ c, c is a constant. Thus, we can prove the conclusion of The-
orem . easily.





= S(r, f ). ()


























Since ϕ′ ≡  and f is transcendental, set
 := L(f )f
L′(f )




f – a +
f ′
f , ()
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≤ S(r, f ) + T(r,ϕ′)




= S(r, f ).
It follows that
δ(, f ) = lim inf
r→∞
m(r, f )
T(r, f ) = ,
which is a contradiction to the assumption of Theorem ..
Thus, from Case  and Case , we complete the proof of Theorem ..
5 The proof of Theorem 1.7
Since f (z) is an entire function of ﬁnite order  < σ (f ) <∞ and ξ ( = ) is a Borel exceptional
value of f (z), then f (z) can be written in the form
f (z) = ξ + p(z)eh(z), ()
where h(z) is a polynomial of degree l and p(z) is an entire function satisfying σ (p(z)) <
σ (f (z)) = degz h(z) = l. Thus, we have
f (z + ηj) = ξ + p(z + ηj)eh(z+ηj), j = , , . . . ,k. ()
FromLemma., we have σ (p(z+ηj)) < σ (f (z+ηj)) = σ (f (z)) and degz h(z+ηj) = degz h(z) =
l for j = , , . . . ,k. Since L(f (z)) = cf (z), it follows from () and () that
k∑
j=
p(z + ηj)eh(z+ηj) = (c – k)d + cp(z)eh(z). ()











j= p(z + ηj)eμ
j
m–zm–+···, it is easy to see that  ≡  and σ () < σ (f ), that is,
T(r,) = o(T(r, f )) = o(T(r, eh(z))).











≤ T(r,) = S(r, eh(z)).
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Since ε is arbitrary, we can get a contradiction from the above inequality. Thus, we can get
that c = k.
Therefore, we prove that L(f (z)) = kf (z), that is, the conclusion of Theorem . holds.
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